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Abstract 

We discuss the algebra of general gauge theories that are described by the embedding tensor 
formalism. We compare the gauge transformations dependent and independent of an invariant 
action, and argue that the generic transformations lead to an infinitely reducible algebra. We 
connect the embedding tensor formalism to the field-antifield (or Batalin-Vilkovisky) formalism, 
which is the most general formulation known for general gauge theories and their quantization. 
The structure equations of the embedding tensor formalism are included in the master equation of 
the field-antifield formalism. 
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1 Introduction 



Supergravity theories exist in many varieties. Their properties depend primarily on the 
choice of spacetime dimension D and the number of supercharges M . For some of the values 
of D and M one still has the freedom to decide which type of matter multiplets can be added. 
Over the years, the various possibilities -called 'basic supergravities'- have been classified 
and they are well understood. However, when the field content is fixed after the above steps, 
there are still different theories possible. The simplest example being the choice of the Kahler 
and superpotential in D = 4, A/^ = 1 supergravity. Other examples of 'deformations' consist 
in the couphng to Yang-Mills type gauge groups (see for example [1]) or the introduction of 
mass-parameters [2]. Recently, a powerful technique has been developed to systematically 
study and classify all these deformations. This is the so-called embedding tensor formalism 
which was first introduced in D = 3 in [H H] and later extended to higher dimensions in 
[3 El m [8] . This formalism is not restricted to supergravity theories, despite the fact that its 
main application is in this context. The progress is rather related to a better understanding 
of all the possibilities of gauge groups and their coupling to all the fields in the theories. 

The construction of the embedding tensor formalism starts from an undeformed theory 
-such as the basic supergravities- with a rigid symmetry group Grigid and generators 6^, 
a = 1, . . . , dim(grigid)- The precise matter content of the undeformed theory is not relevant 
for our purposes, although it is important to highlight the vector fields. These will be denoted 
by A^*^ and transform under the rigid symmetry group with certain matrix multiplications. 
Once these ingredients are known, one introduces an embedding tensor, denoted by Om", 
which selects a linear combination of the rigid symmetry generators, and promotes them to 
local transformations, 5m'- 



The number of independent generators 5m is less than or equal to the number of vectors 
A^J^ . But since there are always Abelian transformations that work on the vectors with a 
d^A^ term, the total number of local generators is equal to the number of vectors. The 
complete set of generators forms a basis for the gauge algebra, denoted by 0gauge, and 
M = 1, . . . , dim(ggauge)- Closure of this gauge algebra requires that the commutator of 
two transformations is again a linear combination of transformations: 



with Jmn^ the structure constants. In particular, equation (11.21) should hold for the gauge 
generators in the vector representation. Clearly, this can only be true if we impose a con- 
straint on the embedding tensor, which is called the closure constraint. However, this con- 
straint does not guarantee the validity of the Jacobi identities and as such, extra ingredients 
are necessary in order to restore consistency of the construction. First, one has to extend 
the original gauge algebra 0gauge with new local transformations^ Part of these new trans- 

^In section [3?2] we will see that we need three types of local transformations in total. They correspond 
to electromagnetic gauge parameters for the 1-forms, and gauge and shift parameters for the antisymmetric 
2-forms. 





[5m, 5n\ — /mn 5p 
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embedding tensor formalism 
without an action 


embedding tensor formalism 
with an action 


constraints on 9m°: 

field content: 

gauge transformations: 


closure constraint 

A M D MN 

3 types, AS = 


closure and linear constraint 

4 M D MN 

3 types, AB y^O 



Table 1: Schematic overview and ingredients of the embedding tensor formahsm. 



formations can be used to gauge away the directions in the original algebra that violate the 
Jacobi identities. Second, in order to restore the right number of degrees of freedom, one 
has to introduce new 2-form tensor fields, denoted by B^^^^ . In the end all these elements 
combine to form a consistent gauge structure, whose properties we will attempt to clarify in 
this paper. 

Before we go deeper into the details of the gauge structure, let us remark that we have not 
introduced any dynamics for the fields so far. Nevertheless, the formalism that we discussed 
can be implemented into a framework with an action. For example, this has been done in 
[8] for D = A. However, this implementation requires a modification of the gauge structure 
that we have outlined above. First, one has to impose an extra constraint -called linear 
constraint- on the embedding tensor, which guarantees the gauge invariance of the action. 
Once this constraint and the closure constraint are satisfied, the entries of the embedding 
tensor are nothing else but the deformation parameters in the theory. Together with the rigid 
symmetry group Gngid, they determine all the gauge couplings in the action. The second 
modification is a change in the original gauge transformations of the 2-forms. They need to 
be supplemented by extra terms, which will be denoted by AS and are characterized by a 
dependence on the matter fields (such as scalars) in the action. 

To summarize. Table [1] emphasizes the ingredients that we have introduced so far. We 
note that the case without an action can be extended beyond the 2-tensors, by adding extra 
p-forms {p > 2) and extra gauge transformations. This construction leads to the so-called 
'tensor hierarchy' [TJ [9l [TOl [HI [12]. The hierarchy can also be embedded into the framework 
of an action, leading to an extension of the last column in Table [H More precisely, the de- 
forms {p = D — 1 in D dimensions) and top-forms {p = D) appear in the action as Lagrange 
multipliers for the constraints on the embedding tensor. 

Although the full hierarchy has an intricate gauge structure with interesting properties, 
in this text we will only consider its truncation to the p < 2-forms. More precisely, we study 
the gauge algebra structure of the D = 4 embedding tensor formalism up to 1- and 2-forms, 
both with and without a Lagrangian description. We obtain the following results: 

1. In both cases the algebra is reducible, which means that the 3 types of gauge transfor- 
mations are not independent. This dependence is characterized by the so-called zero 
modes of the theory. In general, the system even turns out to be higher stage reducible; 
there exist zero modes for the zero modes etc. It is not clear if these higher stage zero 
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modes break down after a finite number of steps, i.e. whether the algebra is finitely 
reducible. 

2. The algebra has a closed form if one starts from the symmetry transformations without 
specifying an action. On the other hand, once a particular form for the action is 
introduced, the algebra of the modified gauge transformations (i.e. AB ^ 0) is open. 
This means that the commutator of two modified gauge transformations only closes 
up to terms that are proportional to the equations of motion. 

3. In both cases the gauge algebra has a soft form, i.e. the 'structure constants' are not 
really constant, but they depend on the fields in the theory. 

Hence, we find that the algebra of symmetries has a structure that is very involved. This 
brings us to the second purpose of this paper, which is to provide a more concise frame- 
work for these complicated properties. This will be achieved through a new formulation 
that connects the embedding tensor formalism to the Batalin-Vilkovisky (or field-antifield) 
formalism. 

The Batalin-Vilkovisky (BV) formalism [TU [15] was originally constructed as a 
method to quantize a broad class of gauged field theories. This quantization is not al- 
ways straightforward, due to certain properties of the gauge algebra. A first complication 
arises when one considers non-Abelian gauge groups, for which it is not easy to find a gauge 
fixing procedure that preserves the symmetries of the system. A way to overcome this prob- 
lem is provided by the Faddeev-Popov method, which introduces unphysical ghost fields to 
compensate for the gauge degrees of freedom. However, the Faddeev-Popov formalism does 
not directly apply to theories with a more complicated gauge structure, such as systems 
with a reducible, soft or open gauge algebra. These are exactly the properties that we en- 
countered in the algebra corresponding with the embedding tensor formalism. They also 
arise naturally in supergravity constructions, due to the presence of higher order form fields, 
the use of non-supersymmetric gauges (such as the Wess-Zumino gauge), the presence of 
off-shell multiplets, etc. In order to deal with these complicated properties in a quantiza- 
tion procedure, it is necessary to add extra ingredients to the Faddeev-Popov method, such 
as ghosts for ghosts that compensate for the zero modes mentioned above. This extension 
of the Faddeev-Popov method is exactly given by the BV formalism; it provides all neces- 
sary ingredients to quantize a class of generic gauge theories, having the properties that we 
outlined above. 

Apart from being a mechanism for quantization, the BV formalism is also a powerful tool 
to describe classical theories with complicated gauge structures. The reason is that all the 
properties (soft, open, reducible, . . .) of the classical theory are captured by the so-called 
'extended action' of the BV formalism. This action is an extension of the usual Faddeev- 
Popov action and has to satisfy several conditions, one of which is the 'master equation' H 
In general, the master equation guarantees that the extended action is built up by tensors 

^In the case of the Faddeev-Popov construction, the master equation reduces to the weU-known BRST 
symmetry of the gauge fixed action. 
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that determine the precise form of the algebra: gauge generators, structure functions, zero 
modes, etc. It is exactly this simple formulation that we will exploit in this text. 

Since the complications that arose in the embedding tensor formalism (the fact that we 
are dealing with a soft, reducible and open algebra) are exactly those for which the BV 
formalism was designed, we can try to reformulate it in terms of the BV formalism. We 
recall here the basic ingredients that we need: 

1. For every gauge parameter in the algebra, we introduce a ghost field. For every zero 
mode, we introduce a ghost for ghost field, etc. 

2. Each of the fields in [H gets a corresponding antifield which should be regarded as a 
mathematical tool to set up the formalism. 

3. We construct the extended action as an expansion in the antifields and impose the 
master equation. 

We find that, at 'zeroth order' in the antifields, the extended action is equal to the classical 
action. If, as mentioned above, we consider the gauge algebra in the absence of a classical 
action then the extended action has no zeroth order part. All higher order terms depend 
on tensors that reflect the gauge structure of the vector and tensor fields. For example, at 
first order we find the gauge generators, second order contains the structure functions, etc. 
We will restrict our analysis to second order since this is enough to incorporate the most 
important properties of the algebra. We also expect that this investigation can be continued 
to arbitrary high orders in the antifields. 

To summarize, we will motivate that a lot of the structure relations that appear in the 
different papers on the embedding formalism get unified in the master equation of the BV 
extended action. This result can be helpful in the future to gain more insight into the gauge 
structure at higher orders in the antifields. Moreover, due to our embedding in the BV 
formalism, we now have all the tools available to initiate the quantization of generic gauged 
field theories. 

The outline of the article is as follows. In section [2] we review the basic ingredients of the 
embedding tensor formalism. We will introduce the different tensor fields and their gauge 
transformations, together with a Lagrangian description. In section [HI the gauge structure 
of this formalism will be investigated and we conclude that its properties are exactly those 
for which the field-antifield formalism was constructed. This observation will be exploited in 
section m where we reformulate the embedding tensor formalism in terms of the field-antifield 
formalism. Finally, in section [5] we conclude with a short summary and an outlook. 

2 The embedding tensor formalism 

We recall from the introduction that possible gaugings of field theories with vectors can be 
classified using the embedding tensor formalism. This formalism has a universal structure 
that is independent of the number of spacetime dimensions or extra properties such as (local) 
supersymmetry. The only input that is needed is the rigid symmetry group of the undeformed 
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theory, and its (vector) field content. In this section, we review the basic ingredients of 
the embedding tensor formahsm, and pave the way for a more thorough discussion of the 
particular gauge structures that arise. To simplify matters, we will work in 4 dimensions 
from now on. 

2.1 General structure 

The basic supergravities in D = 4 have a rigid symmetry group that is contained in the 
product of the symplectic duality group and the isometry group of the scalar manifold: 

C Sp{2nv + 2, M) X Iso(A^scalar) • (2.1) 

The symplectic transformations in this product work on the vector sector, with ny the 
number of vector multiplets. In general, the vector fields in the theory will be denoted 
by An'^ with M a symplectic index that takes 2ny + 2 values. They can be split into an 
electric and a magnetic part, usually denoted by an upper and lower index A respectively: 
A^^ = {A^^, A^/^). Under the rigid symmetry group, the vectors transform as follows: 

5(A) V' = A-^^.A/^ = -A"(t,);v'"A/ , (2.2) 

where the {ta)N^ are the rigid symmetry generators in the vector representation. The 
matrices (ta)Ar^^ satisfy the symplectic condition {ta)[N'^'^^p]M = 0, with VLpm the symplectic 
metric. 

Once these features are known, one can proceed with the construction of the embedding 
tensor formalism. Its main ideas are 

1. the embedding of the local symmetries in (a subgroup of) the rigid invariance group, 

2. the use of (some of) the vectors A^'^^ as corresponding gauge fields. 

This is achieved through the introduction of a tensor Oa/", which selects linear combina- 
tions of global symmetry generators to become local gauge transformations; recall equation 
(II. ip . The tensor 9m" has two indices; the upper index a labels the generators of the rigid 
symmetry group, and the lower index M is the symplectic vector index that now also labels 
the local generators. 

Once the gauge generators have been selected through the choice of an embedding tensor, 
one proceeds as usual by introducing a local parameter, A*^(a;), for every generator and by 
constructing covariant derivatives. The gauge transformations of the vectors are 

5(A)A/^ = d,k'' + A/X^p^^A^ ^ D^K'' , (2.3) 

with Xnp'^'^ = Oiv°(ta)p*^. Covariant derivatives take the following form: 

D, = d^- A^^'Sm = d,- A/^eA/"5« . (2.4) 

For the construction of gauge theories in terms of a regular Lie algebra, this would be 
the end. However, in the case of the embedding tensor formalism, the ingredients that we 
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have introduced are not sufficient to construct a gauge covariant theory. There are certain 
comphcations that arise because of the special properties of the matrices {Xm)n^ = Xmn^ ■ 
For example, the usual definition of the field strengths, 

Tfj,u^'^ = 2d[fj,A^]^' + X[Np]'^^ A^'^ A,y^ , (2.5) 

is not covariant under the transformations (12. 3p . These problems and corresponding solutions 
will be discussed now. 

Let us start by pointing out that a consistent gauging requires the imposition of the 
so-called 'closure constraint' on the embedding tensor. It has the following form: 

Qm^- = //j/Om^o^v^ + (t/3)7v'^eM^eQ" = , (2.6) 

where fap'^ are the structure constants of the rigid symmetry algebra, [^a,^/?] = fa/s^^-y- 
This constraint is equivalent to demanding gauge invariance of the embedding tensor, since 
Qmn°' = ^m^n"- It also implies that 

[Xm, Xn] = —Xmn^Xp , (2.7) 

and therefore guarantees the closure of the gauge algebra, with Xmn^ as its generalized 
structure constants. From their definition below (12. 3p . it is clear that the Xmn^ are in 
general not antisymmetric in [MiV]. However, the left hand side of (12. 7p is antisymmetric in 
[MA^], and therefore, so should be the right hand side. This means that we have to impose 

F%^Xp = 0, with Y'' MN = Xi^MN^ • (2.8) 

Thus the symmetric part of Xmn^ only vanishes upon contraction with the embedding 
tensor, but is not zero in itself. This signals a difference with ordinary gauge groups, where 
the structure constants are antisymmetric and satisfy the Jacobi identity. In our case, the 
Jacobi identity is violated by terms that are proportional to mn'- 

X[Afjv]^X[QP]^ + cyclic = {X^MN^Y^QP + cychc) . (2.9) 

This in turn requires several modifications to the structure that we just outlined. 

The first step towards a solution is the introduction of extra gauge transformations for 
the vector fields, accompanied by new local parameters 'E^^^{x): 

5(A) V' ^ <5(A,H)V' = ^(A)V + ^(S)V^ (2-10) 

where 

5(H) V = • (2.11) 

The new transformations are proportional to the symmetric part of Xmn^, and are intro- 
duced to gauge away the directions in the algebra that violate the Jacobi identity. 

As a side remark, we note that also the gauge algebra provides evidence for the necessity of 
extra transformations (5(S). We will give a more detailed discussion of the algebra later, but 
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for now, let us clarify our point and compute the commutator of two 5(A)-transformations 
on the gauge fields: 

[5(Ai), 5(A2)]^^^ = 6{A,)A,'' - y''pQ {^TD.hf - Ar^A.Af) , (2-12) 

with 

Af ^X[pq]^XA?. (2.13) 

We see that, in order for the algebra to close on the gauge fields, they should have a trans- 
formation that is proportional to Y^^ pq. This is exactly the (5(S)-transformation and we 
find 

[5(Ai), 5(A2)]A/' = 5{A,)A,'' + ^(Ss)^/^ , (2.14) 

with 

5{Z,)A,'' = -Y''pqE,/<^ , H3/« ^ A^I^.A? - AfD.A? . (2.15) 

The next step in the construction of a gauge invariant theory is the introduction of 
covariant field strengths for the vectors. As we mentioned before, the usual expression, 
(I2.5p . does not transform covariantly but picks up terms that are proportional to Y^'^ jyp. 



Therefore, we will introduce new field strengths, 

and new 2-forms B^^^^ . 

Under the rigid symmetry group, the 2-forms transform in the symmetric product of 
two vector representations, (-Rvect x -Rvect)symm- However, since they are contracted with a 
tensor y*^jvP; part of the 2-forms might be projected out. More precisely, if we introduce a 
projectoiil ¥^^Np that leaves Y^ ^p invariant, 

l"''i?5F^^^P = 1"%P , (2.17) 

then the only 2-forms that survive are the ones that do not vanish upon contraction with 
Np. We will use the special notation B^J^^^ for these non- vanishing tensorsQ 

V^^J ^ P^^^^pS,,^^ , and F%pS,.^^ = y%p5,J^^J . (2.18) 

The same reasoning applies to the parameters S^^^^, which can be restricted to '^^'^^^K 

The gauge transformations of the B^J^^^ are fixed by demanding the covariant transfor- 
mation of the new field strengths Ti^i,^^. More explicitly, we determine 6{A,'B)B^J'^^^ such 
that 

5(A, E)n,/' = -K''Xpj,''H,/ . (2.19) 



■^The only property of P^'^atp that we will use in this text is P'^^'^^jvp] = 0. So in principle the projector 
could be chosen as trivial np — Si^n^^p)^ ■ Below, however, we will discuss constraints for the embedding 
tensor. If the latter satisfies the constraints, Y^^ np may have less components than all symmetric [NP) 
combinations. mp can then be chosen of lower rank such that it projects only to the {NP) that remain 
in Y^'mp- 

^This notation was first introduced in [9]. 
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We find 

5{A, = 2D[,E^f^ + 2A[,r^M.]^J - 2Af^?^,/J , (2.20) 

where we introduced the general notation 

Al^B^i = P*^^^sA«5^ , (2.21) 

for some tensors and . The transformations ( 12.20p can always be supplemented by 
extra terms that vanish upon contraction with Y^'^ np- Since the 2-forms will be contracted 
with Y^jsip in the remainder of this and the next subsection, we will not consider these 
extra terms here. However, they will become important in section [3^ where we compute the 
algebra on the 2-forms, similar to our discussion for the vectors in (I2.12I) - (I2.15I) . 



2.2 Gauge invariant action in D = 4 

We have now introduced the minimal amount of ingredients that led to the construction of 
a consistent gauge algebra and covariant field strengths. In addition to the vector fields and 
the 5(A)-transformations, consistency required the introduction of additional local transfor- 
mations and new 2-form tensor fields. So far, we have not introduced any dynamics for the 
fields, or made reference to an action. However, as we alluded to in the introduction, the 
discussion in the previous section can be embedded into a framework where such an action 
is present. A general expression in D = 4 was first given in [8] and contains kinetic and 
Chern-Simons terms for the vectors, topological terms for the 2-forms and general matter 

terms. We will use a similaiE] expression here that is a functional of the fields and 
B TMA^l- 

Co = £g.k. + CqCS + Ctop,B + -Cmatter (2.22) 



with 



''-g.k. — jGl-AsrL^u rt — g/<-AE^ iL^iu tipa , 

-^Gcs = e^^'"' A^^^ A,j^ {^Xmn KdpA„^ + ^XMN^dpA^f^ + ^Xmn k^pq^Ap^ Aj^^ , 



The tensors Xas and T^ae are the real and imaginary part of the scalar dependent gauge 
kinetic function. They also appear in the expression for the dual fields strengths: 



dC_ „ r 1 

^pa 



^/lu'^ — {T^pLu^ iQ^lua) with Qpyi^ = EpiypaTzr; — t — T^Ar'HpJ^ + -e Epi^p^lAr'H^''^ ■ (2.23) 



The precise form of the Lagrangian ( I2.22p will be important in section |3l once we need the 
equations of motion for the fields. A short calculation shows that they have the following 



^In [8i , a different basis for the 2-forms was introduced. More precisely, for every rigid symmetry generator 
there is a corresponding tensor Bp^a- Our action, which is taken from [TB], depends on the 2-forms BpJ^'^^^. 
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form: 

fu ^ , (2.24) 

-^)p/^0, (2.25) 

with = ^g^""/'' and identifications on-shell are indicated by ~. 

In [16] it was pointed out that the Lagrangian in f l2.22p is not automatically gauge 
invariant under the transformations fl2.10p and f l2.20p . Indeed, the structure that we studied 
in the previous section has to be supplemented by two extra ingredients. 

1. The embedding tensor has to satisfy a second constraint, known in the literature as 
the linear or representation constraint. It has the following form: 

Dmnp = X(^mn'^^p)q = . (2.26) 

This constraint was first found as a necessary condition for supersymmetry invariance 
of theories with a maximal amount of supercharges. However, it also plays a crucial 
role in showing gauge invariance of the action (12. 22 p . 

In [16], a more precise meaning was attached to the linear constraint since it was recog- 
nized as the condition for the absence of quantum gauge anomalies. In the presence of 
gauge anomalies, characterized by constants dap.y, this constraint should be modified 
to 

Dmnp = Qm'^Qn^Qp^ d^p, , (2.27) 

and it leads to a Green-Schwarz cancellation mechanism. In this text, we will not 
consider anomalies and therefore, we use the form in f l2.26p . i.e. Dmnp = 0. 

As an aside, we note that if we impose the linear constraint on the embedding tensor, 
the projectors P^'^^/j5 in (12.170 take a special form. One can show that the correspond- 
ing set of 2-forms {B^J^^^^ is given by {-B/^i/s}, where the {a} are those indices for 
which (t5)Af^ 7^ 0. In the literature (see e.g. [S|), the set {B^^^} is often extended to 
a basis with a 2-form for each adjoint index, i.e. 

{B^ua} — > {B^i,a] ■ (2.28) 

If one wants to write down a gauge invariant action for this extended set of 2-forms, 
a third constraint needs to be introduced on the embedding tensor. This constraint is 
called the locality constraint. 

2. The second modification concerns the transformations of the 2-forms. They need to 
be supplemented by extra terms that reflect the dependence of the Lagrangian on the 
matter content. So once we specify the dynamics for the fields, the transformations of 
the 2-forms are 

6{A, S)i?,J^^J = 2D[,H./^^J + 2A[;^M/J - 2Af^H,/J + AE.J^^J , (2.29) 



~ ^hmDi^yp 



9So ^ uupaQ (nj 

£ i 'iJ5 AIN { rt - 
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with 

AB,J^^i = -2Ar^ {g,/i - H,/^) (2.30) 

which is a scalar field dependent quantity. Again, f l2.29p can be extended by adding 
extra terms that vanish upon contraction with Y^^ j^p. 

To summarize, the action f l2.22p is invariant under the new set of gauge transformations 
(12.10p and (12. 29 p . provided that we use the closure and linear constraints on the embedding 
tensor. 

Let us also repeat here that if we do not stipulate an action, the transformations (I2.20p 
are perfectly feasible and also lead to a consistent gauge algebra. In the future, we will 
always consider both cases for AS^^f^^J: it is either zero as in (12. 20 p . or given by (I2.30p . 

3 Structure of the gauge algebra 

We are now ready to give more details on the gauge algebra structure that arises in the 
D = A embedding tensor formalism. We will provide an answer to the following questions: 

1. Is the algebra closed? For a closed algebra, the commutator of two gauge transforma- 
tions leads again to a linear combination of transformations, with new parameters that 
depend on the fields and the original parameters. Part of this question was already 
answered in section 12.11 where we checked that the algebra closes on the vectors with 
transformations 5{A) and Here we will extend this result to the 2-forms and 
show that the algebra only closes in the absence of an action (i.e. AS = 0). In the 
other case (i.e. AB ^ 0) we encounter an open algebra, where additional terms in the 
commutator appear that are proportional to the field equations. 

2. Are the structure constants really 'constant', or are they functions of the fields? The 
gauge algebra in the embedding tensor formalism turns out to be a soft algebra. 

3. Is the gauge algebra (ir)reducible? This question addresses the (in) dependence of 
the different gauge transformations, which is important if we want to determine the 
independent degrees of freedom in the theory. We show that our algebra is higher stage 
reducible. 

These issues will be dealt with in several steps. In section 13. H we first introduce some useful 
notation, and discuss the gauge algebra generators. In the next section 13.21 we complete the 
discussion on the gauge algebra commutators and show that the algebra is closed for A5 = 
and open for AB ^ 0. Once all the commutators are known, the structure 'constants' can 
easily be determined. They will turn out to be field dependent and thus lead to a soft 
algebra. Finally, in 13.31 and 13.41 we investigate the dependencies of the gauge transformations 
and construct the zero modes for the reducible algebra. 
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3.1 DeWitt notation and gauge generators 



In order to facilitate our discussion, we will introduce the DeWitt notation that provides 
a compact and transparent way of writing down general field theories. The different fields 
are denoted by 0*, where the index i = 1, . . . ,n can label spacetime indices /i, z/, . . . for 
tensor fields, spinor indices for fermion fields, and/or an index distinguishing different types 
of generic fields. The fields are also functions of spacetime, and we will adopt the convention 
that the appearance of a discrete DeWitt index also indicates the presence of a spacetime 
variable. We then use a generalized summation convention in which a repeated discrete 
index implies not only a sum over that index but also an integration over the corresponding 
spacetime variable. 

In our case, the general notation 0* is an abbreviation for the collection of bosonic tensor 
fields, 

0^ e {A/'ix), . (3.1) 

It means that the i- index takes the following discrete values: {/xM, ni>\MN\}, where one 
should remember that the spacetime indices and (combinations of) vector indices are not at 
the same level. 

Furthermore, we have a set of mo non-trivial bosonic gauge transformations. In the 
DeWitt notation, they take the following form[§ 

6(f)' = R\o{(l))e''\ with ao = 1, 2, mo. (3.3) 

The infinitesimal gauge parameters are arbitrary functions of the spacetime variable x, 
and R\g denotes the generators of the gauge transformations. The different types of gauge 
parameters that we have introduced so far are: 

^ao ^ |A^^(a;), S^f*^^J(a;)} (3.4) 

thus, ttQ G {M, n\MN\}. The gauge generators R\q in the embedding tensor formalism 
can be computed by comparing the field transformations to the general expression f[3. 31) . For 



the vector fields, we find from fl2.10p that their transformations are generated byE 



Rfi K — Dfj^ K , (3.6) 
RfM^^lKLi = -S'i^Y'^^kl- (3.7) 



^Without the use of a compact summation convention, this relation would be represented as 

S<l>\x)^ J dyR'a„{x,y)e''"{y). (3.2) 



^In the following, we will use the notation -D^^^ '^''A/i...j\/p, which is a particular derivation operation. 
For p = 1, it is defined as follows: 

D.^mT^' ^ {SM^d, + A.'^Xqm'') T'' = D,T^ , (3.5) 

for some object T^^ that transforms with a vector index. A general definition for arbitrary p can be found 
in (|A.23p . together with some of its properties. 
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The /iM-indices in these equations correspond to the z-index in FCao- The ao- index takes 
the values K in (13. 6p and u\KL\ in (13. 7p . Let us for once give a more detailed discussion on 
how ( 13. 6p and (13. 7p are obtained (all the subsequent results can be found in a similar way). 
We choose 0* to be equal to a vector, then (13.31) can be written as 

6A,^'{x) = I d'yR,''ao{x,y)e^'{y) (3.8) 

= I d%[R,''K{x,y)A''{y) + R,'"'^Kn{x,y)Ej'''^i{y)] (3.9) 

In the first line, we explicitly wrote down the integral over the spacetime variable y, which was 
hidden in the summation over a^. In the second line, we further worked out the summation 
over oq. This result should now be compared to (12.101) . and we find 

R,''K{x,y) = (^S^^A.^A,Q{x)XQK''y{x-y) 

= D^^\{x)5ix-y), (3.10) 
R,'''lKL\{x,y) = -S;Y''KLSix-y). (3.11) 

In the following, we will suppress the spacetime variables and delta functions, such that 
(I3.10p and (13. lip reduce to the expressions (13. 6p and (13. 7p . 

Likewise, the tensors that generate the transformations of the 2-forms B^J^^^ can be 
determined from (I2.29P : 

R.J^^'^K = 2A[;^D.]^J;, - 2Sk\^ for AB.J^^i = , 

R.J'^^^K = 2A^,\^D^]^iK - 25,J^ for AB.J^^i = -2A^^ {Q - U)^^ ^J, 

(3.12) 

In the first two lines, we made a distinction between the gauge transformations without the 
specification of an action (i.e. AB = 0), and the gauge transformations that leave the action 
(I2.22P invariant. In order to tell the difference between these two cases, we have added a 
tilde to the generators on the second line. In the following, we will use the more general 
notation R\q to indicate all generators that leave the action (I2.22p invariant. It is clear that 
R\q = R\o, except for i = /zi/[A^Pj, ao = K. 

Given the precise form of the gauge generators, the next step is to compute the commu- 
tators of gauge transformations on the fields. This will be the subject of the next section. 



3.2 Closure of the gauge algebra 

We make a clear distinction between the generators R^ao that are part of the embedding 
tensor formalism without the specification of an action, and the generators R\o that appear 
in the Lagrangian description. The difference between these two cases, which is captured by 
AB, leads to distinct conclusions about the properties of the corresponding gauge algebra. 
In the first subsection, we consider the formalism without an action. 
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3.2.1 Formalism without an action 

In order to have a closed algebra, the gauge transformations need to satisfy the following 
relation: 

[5i,52W = R\,T''\,,,e\°el' . (3.13) 

The T"°feQco are antisymmetric tensors under the interchange of indices 60 and cq. They are 
called the 'structure constants' of the algebra, although in general, they depend on the fields 
of the theory. 

From f l2.14p we know that the commutator of two 5{h) transformations on the gauge 
fields leads again to a linear combination of a 5(A) and a 5(S) transformation. Likewise, one 
can show that 

[5(A),5(S)]V' = 0, (3.14) 
[(5(SO,(5(S2)]V' = 0. (3.15) 

We conclude that the gauge algebra with transformations 5(A) and 5(S) indeed satisfies the 
relation fl3.13p on the vector fields. The only non-vanishing structure constants are 

T'^Rs = X^ns]"" , T,r^^^J^5 = ^^f^^D/J^ - 6s^''D,^in , (3.16) 

where both T's are antisymmetric in [RS]. 

On the other hand, we have not yet checked whether the algebra also closes on the 
2- forms. Let us therefore compute the non- vanishing commutators. We find that: 

[5(Ai),5(A2)]i?;.J^^J = 5(A3)S^J^^J + 5(S3)i?^J^^J (3.17) 

-Y'^^ilRSi (Af ?/,J^Af - (1 ^ 2)) , 

[5iA),6iE)]B,r^i = -y^^,r«,j (-2S[;^^Jd.]A*0 , (3.18) 

m,),6{E,)]B,J^^i = (Sii/'^^^S^./^^J - (1 ^ 2))] , (3.19) 

with 

Y^'^'mirsi ^ 2 {Sm^'^Y^^rs - Xmir^^'Ssi''^) . (3.20) 
The contraction of this tensor with Y^np vanishes (see (IA.14I) ). 

Y'^NpY'^'^MiRsi = , (3.21) 

which is a relation that will be important later on. 

Let us now study the commutation relations ( 13.17p -( l3.19p in more detail. Clearly, the 
closure condition f l3.13p is not satisfied since each of the commutators contains an extra term 
that is proportional to Y'^^m\rs\- There is however a way to restore closure of the algebra, 
which is completely analogous to our treatment in f l2.12p - p.15p for the 1-forms: we extend 
the original gauge transformations with a new local transformation that is proportional to 

VNP 

6{A, H)S^J^^J ^ 6{A, E, $)S^J^^J = 6{A, H)S^J*^^J + 5($)i?^J^^^J, (3.22) 
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withl^l 

5mB,J''^^ = -y^^Pr«5j$..™ (3.23) 

and new local parameters ^^J^^^^^^{x). The original set of gauge transformations in (13 ■4p 
should therefore be replaced by {5(A), 5(2), (5($)} with local parameters 

e'^o e {A^'ix), H^f*^^J(x), <l>^J^^f^^JJ(x)} . (3.24) 

It is clear that the index ao takes an extra value /iz^[M[A^PjJ and the corresponding gauge 
generators are 

Rp^ '^''\M\NP\\ = 0, (3.25) 
RpJ''''^"'\M\NPn = -4rV^^,,f^^pJ. (3.26) 

With this new set of gauge transformations, it is easy to check that the algebra closes: 

[5(A0,5(A2)]V^^J = S{A,)B,J'^^i + S{E,)B,J''^i + S{<^s)B,r^K (3.27) 
[5(A),5(S)]i?^J^^J = 5($4)i?,.J^^J , (3.28) 
m,),6iE,)]B,J'^^i = 5(«f 5)i?,J^^J . (3.29) 

The commutators satisfy the relation fl3.13p and the parameters $3, $4 and $5 determine 
the precise form of the structure constants. From ( ]3.17p . ( 13.18^ and ( 13.19^ one sees that: 

^^^JM\RS\l = Af/X.r«AfJJ - (1 ^ 2) , (3.30) 
^^^mnsn ^ .2E^ms\j^^^A'n , (3.31) 
^^^JMiRsn ^ Y^M^^ - (1 O 2)) , (3.32) 

which leads to an expression for the remaining non- vanishing structure constants: 

T,J^^f^^\5 = 5i^f^^H,J^5/JJ - 6s^''^n,r5n''^^ , (3.33) 
T^J^^f^^^^rsTj = -T,J^^r^^JJ^f5Tji. = -2Ss^^''6r''XD^^''in, (3.34) 
T.J'^^'^'i^^^QnusTi = SlS:^{Y^'^QnSs^'^6r'ii + Y^'^sTSQ^''Sn''^^) . (3.35) 

We conclude this section with the observation that the structure constants are not really 
constant, but depend on the fields in the theory. This can be seen for example from f l3.16p 
which depends on the vectors, and fl3.33p which depends on both the vectors and 2-forms. 
Due to this field dependence of the structure functions, the gauge algebra is often called a 
'soft algebra'. 

^We have used a special notation here with nested brackets f.f -JJ • One can think of it as a generahzation 
of f.J ; its precise definition and further generahzations can be found in appendix lA.il 
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3.2.2 Formalism with an action 

Our treatment in the previous section can now be generalized to the case where the em- 
bedding tensor formalism is incorporated into the framework of an action. This has an 
effect on the gauge transformations, i.e. AB^J^'^^^ takes the value in fl2.30p and the gen- 
erators R\q are replaced by R\g. So far, the latter have only been defined for the indices 
i e {fJ'M, ^i/[MA^J} and ao G {M, ii\MN\}. We will see in due course that the oq have to 
be extended as in (13.241) . but for the time being, we only consider the smaller set. In section 
12.21 we saw that the transformations R^,^ leave the action invariant, which is expressed by 
the Noether identities: 

diSo R\o = . (3.36) 

The most general solution to the Noether identities is a gauge transformation, up to terms 
proportional to the equations of motion: 

d,So y = ^ X' = R'a.x^" + d,So T^' , (3.37) 

for some tensors x""^' ^ind T^^ = —T^^. The last term in (13.371) is known as a trivial gauge 
transformation, and it is easily checked that the action is invariant under these transforma- 
tions due to the antisymmetry of T^^ in [ij] . A particular choice for A* in fl3.37p would be the 
commutator of two gauge transformations on a field: A* = [6i, (52]0*. Since for this particular 
choice, diSo X' = is trivially satisfied due to (13. 36 p . equation (I3.37P tells us that [5i,S2](t>^ 
is of the form 

S^W = R'aoX''' + djSo T^' . (3.38) 

Since the left hand side is proportional to the antisymmetric combination of two gauge 
parameters, e^i°e'^\ so should be the right hand side. We can factor out these parameters 
and write _ _ _ 

[5^, S2W = R'aoT^'boco eX'el' + d^S^ E'\,,, 5^4° . (3.39) 

This is the generalization of equation (13.130 . The first term on the right hand side has a 
familiar form, with T^°boco the structure 'constants' that are antisymmetric in [6oCo]- The 
second term depends on the equations of motion multiplied by some ^^-tensors that are 
antisymmetric in both [ij] and [ao&o]- If these tensors do not vanish, the algebra only closes 
on-shell (i.e. when djSo = 0). 

To summarize, the Noether identities impose a particular form for the gauge algebra, 
given by (I3.39p . We will now check whether (I3.39P is indeed fulfilled for the 1- and 2-forms 
that arise in the embedding tensor formalism. Our results are as follows: 

Commutators on the 1-forms. These do not change, i.e. (12.140 . (I3.14p and (I3.15P are 
still valid. The reason is that the generators R^^ are equal to the generators R\g for i = M 
and arbitrary oq. This also means that the structure functions take the same values: 

f'\s = T'\s , T,r^^^J^5 = T,f^^^^J«5 . (3.40) 

The corresponding i^-tensors in (13.390 all vanish. 
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Commutators on the 2-forms. These are shghtly more involved. Let us start with the 
easiest case, which is the commutator of a d{A) and a 6(3) transformation. We find 

[(5(A), (5(S)]i?,J*^^J = (-2S[;«^Jd.]A«) , (3.41) 

which is exactly the same expression as fl3.18p . Consistency of the algebra requires the intro- 
duction of a new local transformation of the 2-forms, identical to (13. 22 p . The corresponding 
generators are 

^ R,'''^^QlRsn = 0, (3.42) 

R^J'^^'^'^lQlRsn = -i'J^Y''%\RSi, (3.43) 

and the index range Oq has to be extended to 

ao e {M,ij,\MN\, fiu\M\NP\\} . (3.44) 

It is important to note that the form of the algebra in fl3.39p should still be valid for this 
extended set of indices. Since f l3.39p is a consequence of the Noether identities (I3.36p . it is 
enough to check that the latter also hold for oq = /xz/[M[A^PjJ. Indeed, 

dibo H \M\NP\\ - -qJ-JI Rp \M\NP\\ + QQ^JRS\ ^P'^ [A/fJVPJJ 

- {Y^Rs){-Si':^Y^'MiNPi) = 0. (3.45) 

We used fl3.42p and the fact that each 2-form B^J^^^ is contracted with a tensor Y^jis in 
the action. Then the last line vanishes because of the orthogonality of the y-tensors, see 

Due to the introduction of the new transformations ^($), relation (I3.4ip can be written 
as _ 

[6{A),6iE)]B,J''''i = 5(<l>4)i?^J^'^J , (3.46) 

with $4 = $4. If we compare this to the general expression f l3.39p . it is clear that all the 
corresponding £^-tensors vanish and the non-zero structure function is identical to fl3.34p : 

f^W^^i\,P^STi = T,J'^\^^iin'isn ■ (3.47) 

Similar results hold for the commutator of two 5(S) transformations on the 2-forms. We 
have ^ 

m,),6iE,)]B,J'^''i = <5($5)S,J^^^J , (3.48) 

with $5 = $5. Also here the £^-tensors vanish and T'^z/'^*^'^^^^^''fQ_Rj'^[5Tj is given by f l3.35p . 
Finally, we calculate the commutator of two S{A) transformations: 

[6{A,).,6{A,)]B,J^'''i = 5(A3)i?,J*^^J + (5(S3)5,J^^^J + 5(i3)i?,J''^J 

+2A^^A^^ [8vp[,Vu]aA^ P*^^P^P^^Q^ (3.49) 
-4^„....7^A^P^■^^P^P«^ ^ 



(P p r Qjy + F paP Q )\qb^jrs\ 
18 



The parameters A3, S3 and $3 take the following values: 

~^f = ^f. Hs/^^J = Ss/^^J , $3.J'^f^^JJ = A^i%J^Af^^ - (1 ^ 2) . (3.50) 
This result is slightly more complicated and we note the following differences with f l3.27p : 

• The parameter $3 differs from $3, i.e. the field strengths Tinu^^ have been replaced by 
their scalar dependent counterparts Q^u'^ ■ 

• This in turn leads to a difference in the structure functions: 

T,/^f^^J^5 = Sn^^'g.J'^Ss'^^ - Ss^'^g,J^6n''^^ . (3.51) 
Again l-L^u^'' has been replace by Q^u'^ ■ 

• Finally, the last three lines in equation 03.49^ are proportional to the equations of 
motion. These terms fit into the general expression fl3.39p with E ^^j^^^ p^,^^ pq different 
from zero: 

E,^'^\„^'PQ = -16r^,[,r^.].XA^P*^^[p^P^^Q]^ + 8e,.,.7^AsP^^[P^P^^Q]^ 

+2 w (P'^^IP^P'^^giA + F^^^[paP^^q]^) . (3.52) 

To summarize, let us repeat the main points of this section. If the embedding tensor formal- 
ism is modified by introducing a Lagrangian, we are necessarily dealing with an open algebra. 
The general form of such an algebra is given in f l3.39p . and we checked that this relation is 
indeed satisfied. At the same time, the calculations provided us with an expression for the 
structure constants and ^^-tensors. This lets us conclude that we are also dealing with a soft 
algebra, i.e. the structure constants depend on the fields in the theory. 

Of course this is not the end of the story. Several higher order commutators need to be 
evaluated in order to define the full structure of the algebra. For example, at the second 
order we find the Jacobi identity, 

[^1, [<^2, + cyclic in 123 = , (3.53) 

which leads to extra relations between R, T and E due to f l3.39p . Moreover, it requires the 
introduction of several new tensors. In general, this process needs to be continued up to 
arbitrary order in the commutators, until it terminates. In this text, however, we will not go 
beyond first order since the most interesting properties of the algebra follow already from a 
single commutator on the fields. 

3.3 Zero modes 

With the knowledge of the gauge generators from sections 13.11 and 13. 2[ we can now address 
the (in) dependence of the gauge transformations. Again we will distinguish between two 
cases: 
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1. For the formalism without an action, the question whether the gauge transformations 
{5(A), S(E), 5($)} are (in) dependent, can be formulated as follows: do there exist 
vectors such that for all i 

R\oZ^if\,=0'! (3.54) 

The index ai enumerates the possible outcomes. If (13.541) has mi ^ non-trivial 
solutions, then ui takes mi different values and it means that there exist mi depen- 
dencies between the gauge generators. In this case, the algebra is called reducible and 
the are its zero modes. If (13.541) has no non-trivial solutions, then the gauge 

transformations are independent and the algebra is called irreducible. 

2. If the formalism is embedded into the framework with a classical action 5*0, then we 
should consider the generators instead and equation (13.541) has to be modified to 

R\o^i)''\.=djSo\{ifa,, (3.55) 

for some tensors ^i)"'°ai and = The right hand side of (13.551) is now 

proportional to the field equations, which means that the ^i>)°'°ai are on-shell null 
vectors (or zero modes): 



0.1 



= 0. (3.56) 

on— shell 



The presence of \(i)^^ai in (I3.55P is a way to extend this statement off-shell. If {ai} is 
non-empty, then the gauge generators have mi on-shell dependencies and the algebra 
is reducible. 

The remainder of this section will be devoted to finding the solutions of (13.551) . The solutions 
of (13.541) are very similar and will be discussed in the summary at the end of this subsection. 

The strategy to solve (13.551) will be to evaluate the different possibilities for the index i, 
and work out the summation over the ao-index. Then we look for particular solutions which 
fix the precise form of the Oi-type indices. Let us first choose i = /iM, then equation (I3.55P 
becomes 

(3.57) 

Using the fact that -^^fQf^^jj = 0, i?/^Q = ii/^g and R/'^fRsi = -R/'"[ij5j, we get 

I^/'g^D^ai - Y''ns2li) J''^, = -d,So ifi) . (3.58) 
A particular solution of this equation exists if we choose the ai-index of the [KLj-type and 

2(iflKH = Y'^KL, 2(i)^}''^\kl\ = D/'^KL, (3.59) 
Vii),'''lKH = Vj. (3.60) 

Then (13. 58^ reduces to 

D.^'qY'^np - Y'\sD,^'np = , (3.61) 
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which is a property of the special derivatives (see equation (1A.24|) ) and reflects the gauge 
invariance of the tensors Y^^p. 

In order to determine the remaining tensor ^i)ij.J^^^^^\kl\, we choose the z-index in 
(13351) to be of the fiiy\NP\-tjpe and ai = \KL\: 



Ti \^P\ 7 Q I R \NP\p 7 \RS\ I p \NP\pa 7 \Q\RS\\ 

= -\l)pJ''''^\KL\d,S,. (3.62) 

Plugging in the generators (13.121) . (I3.43P and the zero modes (13.591) gives 

(2A[,r^Z}.]^jQ - 25Qf^^,/J) Y'^KL (3.63) 

Due to (lA.24p . the first and fourth term on the left hand side cancel. To see how the 
remaining terms combine, we use the Ricci identity in the second linej^ 

'2D[fj,^^jis D^j^'^KL = 'Hp.u'^^ Xm\kl\^^ , (3.65) 

and we get 

- 2^,J^r^J^z. + n,/'XMiKLr (3-66) 

The tensor structure in the first and second line look very similar and the most obvious 
choice is to combine the first and third term on the left hand side, as well as the second and 
fourth term. If we make the choice 

equation (I3.66P reduces to 

[T-i^y^^ - Gp.u^^) Xm\kl\^^ = KL djSo . (3.68) 

In order to determine the \^i)-tensors on the right hand side, we need to substitute the 
equations of motion djSo, which have been given in (I2.24p and (12.251) : 

- ^)./^^MrK.r = -ifi).JnV.i (^) (3.69) 



®We have introduced the following shorthand notation here: 

Xm^kh'"'' ^ 2XMrK^'^<5ij^J . (3.64) 

This definition can be generalized to arbitrary Xmi[M2...MpJ..j'^^^'^^^ '^''~^^ We refer to appendix lA.ll for 
more details. 
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^V)''\kl\ = D^^'^KL and XifiKL\ 



The first term on the right hand side vanishes since also \{i)p^^v^^^\kl\ = (see fl3.60p ) 
and because \(i)^-'\kl\ is antisymmetric in [ij]. This leaves us with two terms that are both 
proportional to {Ti — Q). It requires some calculational effort (and the linear constraint 
(I2.26P on the embedding tensor) to show that equation fl3.69p is satisfied if we choose 

ifi),J^^J,J^^JrA'Lj = -4w v^^fi^Jf^^Lj^J . (3.70) 

To summarize, we have shown that 



(3.71) 

form a non-trivial solution of (13.550 for Oi = [i^i^J. 

However, this is not the only value of ai for which a solution can be found. A calculation 
which is very similar to the one above, reveals that there are two more solutions, namely for 
ai = pfKfLMjJ and ai = pcr[ii'[L[MA^JJJ. In both cases, all the T{i)*"'ai are zero, and 

/ \ ^ / 

(3.72) 

In the expression for the third zero mode appears a tensor V^^^^^xilimnw, which is a gen- 
eralization of Y^KL and Y^^ k\lm\- It is defi^ecS in and has the property that 

Y'^%^nsiY'^^'''^KmMNn = 0. (3.73) 



Summary and discussion: The generators that make up the gauge algebra in the D = A 
embedding tensor formalism with action 5*0, are not all independent. For the indices i 
and Gq restricted to {fiN, /ii/[A^Pj} and {Q, fi\RS\, fii/\Q\RS\\} respectively, we checked 
that equation (13.551) has non-trivial solutions for the zero modes ^i)°'°ai and corresponding 
tensors \fi)*\i. We found 3 solutions in total, more precisely for ai = \KL\, ai = p\K\LM\\ 
and tti = pa"[ir[L[MA^JJJ. Then ^\)"'°ai is a (3 x 3) block matrix; the rows are enumerated 
by ao and the columns by ai: 

/ Y^KL \ 

Z^i^a, = D.^'kl Y^'kilm\5p, . (3.74) 

We recognize a certain systematics in this solution: the diagonal entries are all proportional 
to a F-tensor and the 21- and 32-elements contain a derivative. This special structure will 

^"in general, we will introduce tensors Y^^^^- -^^''-^^ -^j^^^ ii^^ ^ that vanish upon contraction with 
yifir...Kpl..l^^|. ^^^^j g^j^j their precise definition is given in (|A.12p . 
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be further investigated in the next section, where we show that ^i^^-^ai has non-maximal 
rank, which means that not all zero modes are independent. 

Finally, we remark here that the solutions of (I3.54p are identical, except for the 

lower left entry, where ^^v*^ should be replaced by 'H^u'^. 



3.4 Higher stage zero modes 

If the 3 solutions for ^i)°-°ai or ^i)°-°ai are independent, then the theory is called first-stage 
reducible. However, this may not happen; there can be 'level-two' gauge invariances that 
reflect the dependencies among the .^i)"°ai or ^i^^-^ai- This reasoning can be repeated for 
the level-two generators, and it possibly leads to dependencies at higher stages. This brings 
us to the concept of an L-th stage reducible theory, which means that only at level L, all the 
generators are independent. In order to determine the level L for the gauge structure of the 
embedding tensor formalism, we will investigate the dependencies among the zero modes in 
fl3.74p . We need to solve an equation that is similar to f l3.54p or f l3.55p : 

1. For the transformations in the absence of an action, we look for non-trivial tensors 
Z(2)°'^a2 that are solutions of 

Z^if\,Z^2)''\2 = ■ (3.75) 

The index 02 labels the m2 different solutions and therefore the possible dependencies 
of the zero modes. The new tensors 2(2)^^2 called 'zero modes for zero modes' or 
second stage zero modes. 

2. In the presence of an action, equation (13.751) needs to be modified to 

2l^f\,2l2f\, = d,So X2r\2 ■ (3.76) 

The .^2)"^ 02 are m2 on-shell null vectors of the zero modes. The tensors \{2)*"°a2 in 
(13.761) provide an off-shell extension of this statement. 



We will look for non-trivial solutions of (13.761) with given in (13.741)1^^1 Our strategy 

will be to make a motivated guess for the solutions, and then check that (I3.76P is indeed 
satisfied. From the previous section, we know that oq G {Ki, fi\KiK2\, ^iy\Ki\K2Ks\\} and 
tti G {[ii'iii'2j, A^[-^ir-^2-^3jj5 l^^\Ki . . .K4\..\}. Comparing these two index sets, we expect 
that this structure can be continued and 

a2 e {\Ki\K2K4\, fi\K, . . . K4..\, fiu\K, . . . K,\..\} . (3.77) 

Therefore, we propose the following form for ^2)"'^a2j which looks very similar to the expres- 
sion for the zero modes in (13.740 : 

-Y''^'''k,\K2K,i 

^^jM.p...M,jJ^^^^^^^j 2D[/^^r-*^*JJ;,,f...;,,jj5,^, ->^*^^f-"^^JJK4...A-4.1^[H 

(3.78) 
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The solutions of p.75p will again be very similar, and can be found at the end of this section. 
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On the diagonal, F-tensors appear with an extra minus sign compared to the expression for 
the zero modes fl3.74p . The 21- and 32-elements contain a derivative and the lower left entry 
is proportional to the scalar dependent field strength. ^ ^ 

Let us now compute the different entries in the matrix product ^i)°'°ai^2)'^^ a2 and show 
that they are proportional to the field equations, just as in f l3.76p . This calculation is a check 
on the vahdity of fl3.78p and it gives the correct expression for \(2)^"'°a2- 

We start with the computation of the 11-element, which corresponds to multiplying the 
first row of with the first column of ^2)'- 



^l)"'°ai^2)"'^a2 — -Y'^^^NiNiY'^^^^KilKiKsl ■ (3.79) 

This expression vanishes because of the orthogonality of the y-tensors, see f lA.14p . It also 
means that f l3.76p is satisfied iff \(2)^'^^^\Ki\K2K3\\ = for all values of i. A similar reasoning 
can be made for the other diagonal elements in the matrix product: we use (IA.16P to show 
that they vanish and this is consistent with fl3.76p iff the corresponding If2)'"°a2's also vanish. 
The 12-, 13- and 23-entries are trivially satisfied, which brings us to the 21 and 32 elements: 



5^ ao y, ai ] _ n M1M2 \^NiN2 ^ , VM1M2 ^ ,n Ni\N2N3l 

^1) 01-^2) aaj^^ — -^fi NiN2^ Ki\K2K-j.\ + i Ni\N2N-4J^ jj. Ki\K2K3\ , 

+2y^^irM.M3j^^^ ^^jj^^^iv.r...A^4jJ^^^ ^^jj^P . (3.80) 

Both expressions vanish due to the properties of the covariant derivative, see flA.25p . This 

means that, in order to satisfy (Km . also \(2)'J^^'^^^^\k^...K3\i = X2)'f,J^^'-^'^''^^^\K^...K4..\ = 
for all values of i. Finally, we consider the 31 element: 



2l,raA2)'\2\^^ = G,J'''^'''''''^N,N2Y'^^'^^K4K2K,l 

+>^^^f^'^^"^^V.r...A^dj^.J^^P-^^JJx.ri..x3j 
= ^..^^5^J^'^^r^^^^'^3i^^^^^^^j + H,.^^x^,rx,rx.K3jjf^^^f"^^"^^JJ 

= (H-^),.^^^A'.rA'.ri..A'3j/"-^^f"-^^'''^^^- (3.81) 

For the second equality, we used the Ricci identity 

2Z)(/-^.rM.M3j^^^^^^^j^^^A.JA..A.3l^^^^^^^j = 7/,.^^X^4..,rK,,.,Jjf*^^f*^^*^-3jJ , (3.82) 

and the definition ( ]A.7p . The result fl3.8ip is the analog of fl3.68p . and in order to satisfy 
03.76p . we have 

{H-y)^u ^Nr\K^\K2K3\\' = ^jVijVaJ ^2)^^' "\K,\K2K4l ■ (3.83) 
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This defines the tensor \(2) which can be determined via a short calculation that requires 
the use of the linear constraint f l2.26p on the embedding tensor. We find that 



f> \NiN2\ [AfifMaMaJJ 

»t2)pCT fiu \Ki\K2K3\\ 



-2e^.p. (jr;,J^ifi^^J^^5f^/M^3/^ (3.84) 



So in the end, we have proven that our proposal for ^2)"^a2 fl3.78p is indeed a solution of 
(I3.76P for each value of 02. It means that the zero modes 2(^x)°'°ax are not all independent 
and the gauge algebra is at least reducible up to level 2. The same conclusion holds for the 
zero modes in the embedding tensor formalism without an action, i.e. These are 

also not independent and the solutions of f l3.75p are identical to fl3.78p . except for the lower 
left corner, where the field strengths Q^y^ should be replaced by T-L^u^'^ ■ 

Given these non-trivial expressions for the 1st and 2nd stage zero modes, one could 
wonder whether there exists a level for which this construction terminates. In other words, 
is there a level s, for which 



(3.85) 



has no non-trivial solutions? If this is the case for a value s = L, then the theory is called 
L-th stage reducible. 

What about the embedding tensor formalism? Is it finitely reducible? A priori, there 
does not seem to be a level at which the above construction comes to an end. Indeed, one 
can propose the following expressions for the zero modes and non-vanishing V-tensors at 
arbitrary level s > 1: 

Z(sy'~\. = [ [Ais)] [B^s)] [q^)] ] , (3.86) 

with 

[Ais)] = I^/''^f^'-*'-^J-V4A^....A^...J..J > (3-87) 

(-i)^^,J*^^P*^^f-*^-^J-V.riv....;v.,.j 




^NilN2...Ns+2\-\^^ 



[Cis 








. YMl\M2...Ms+2l-\ 



(3.88) 



(3.89) 



and 



f> ^ \NiN2\ Mo\Mi...Ms\. 
^(s)pcr /lu 



^KoiKM-l = -2 W (Vo^'^^^'^^^''°'^[a/^ . . . 5k4./' (3.90) 

+ 5r^o^"5rA-J"'^^"^^^''^'^r^/^---'^x4.i^= 
+ . . . 

+ . . . 5A-4.j^^^^^^^J^0P''°^''^-''^^-^PorA...P4.i • 
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Equation fl3.85p is always satisfied for tliis combination of tensors, irrespective of the value 
of s. Therefore, we conclude that there always exists a zero mode at every arbitrary level 
and the theory is infinitely reducible. 

Of course, this is just a formal statement since in particular examples, one needs to 
evaluate the different projection operators for the special brackets in fl3.86p - ( 13^901) . For 
certain choices of the embedding tensor, the projectors 'P^^'^^^^^'"^^^^"^Ni\N2...Np\..\ might vanish 
for p bigger than a certain value, say £. This means that also the corresponding objects 
in fl3.86p - fl3.90p with more than i upper or lower indices are identically zero. Therefore, 
i determines the level, L, at which the zero modes of the algebra become independent. 
We conclude that a case-by-case study is needed to determine L and as such, no general 
statement can be made about its value. 

We have now come to the end of our discussion on the gauge structure of the embedding 
tensor formalism with 1- and 2- forms and local transformations 5(A), and We 

found an algebra that is open in general, with field dependent structure functions and a 
hierarchy of zero modes that has no obvious ending. The details of this gauge structure 
are contained in a large set of tensors, such as the gauge generators, structure functions, 
zero modes, etc. These are complicated expressions of the fields and the embedding tensor, 
which makes it hard to take them into account in explicit calculations. Therefore, one might 
wonder whether there exists an underlying prescription that provides a unified picture for 
these complicated tensors. In the next section we will see that such a unifying formalism 
does exist and that all the gauge structure tensors naturally fit into one 'master equation'. 

4 BV formalism 

The formalism that we have in mind is the field-antifield or Batalin-Vilkovisky (BV) for- 
malism. From the introduction we recall that this formalism was originally introduced as 
an extension of the Faddeev-Popov procedure to quantize a broader class of field theories 
with local symmetries. It is particularly useful for theories with a complicated gauge struc- 
ture such as open, soft and/or reducible algebras. In the previous sections we saw that the 
embedding tensor formalism falls into this class and the BV formalism therefore provides 
all the tools for its quantization. However, we will not pursue this quantization, but rather 
concentrate on how the (classical) embedding tensor formalism fits into the structure of the 
classical BV formalism. 

To this end, we introduce in section 14.11 all the ingredients that make up the classical B V 
formalism. Then, in section we will see how the embedding tensor formalism fits into this 
framework and how the BV formalism provides a simplified description for its complicated 
tensor structure. 
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4.1 Classical BV theory 

Consider a classical system described by the actioiil^ Solcp] that is a functional of the bosonic 
fields 0*. This means that the fields have even parity, i.e. 

e[0i = O. (4.1) 

In general the classical action 5*0 can also contain fermionic degrees of freedom, but this case 
will not be considered here. 

The theory has mo bosonic gauge symmetries that are generated by R^ao and have cor- 
responding local parameters This then leads to mo Noether identities as in fl3.36p . an 
expression for the gauge commutators as in fl3.39p . mi zero modes as solutions of fl3.55p . 
etc. All these equations are written down in terms of certain tensors that determine the 
complete gauge structure of the theory. The main purpose of the classical BV-formalism is 
to provide a consistent framework that incorporates all these tensors in a transparent way. 
In particular, this is achieved through the construction of a new action, denoted by S, which 
is an extension of the classical action 5*0. In brief, the construction of S involves five steps, 
each of which will be discussed in more detail later on. 

1. Ghost fields are introduced to compensate for the gauge degrees of freedom. When 
dealing with a reducible system (in which the gauge transformations are not all inde- 
pendent), also higher stage ghost fields need to be introduced. The original configu- 
ration space, consisting of the is enlarged to include these ghost fields, ghosts for 
ghosts, etc.. 

2. For each field, thus also for the (higher stage) ghost fields, an antifield is introduced. 

3. On the space of fields and antifields, one defines an odd symplectic structure ( . , . ), 
called the antibracket. 

4. The classical action Sq is extended to include terms involving fields and antifields and 
is denoted by S. It has to satisfy certain boundary conditions, such as the requirement 
that in the hmit where all antifields are put to zero, the extended action S reduces to 

5. Finally, one imposes the classical master equation, {S, S) = 0. One finds solutions S to 
this equation, subject to the appropriate boundary conditions. It turns out that these 
solutions are an expansion in the antifields and that the coefficients in the expansion 
are exactly the tensors that determine the gauge structure of the theory. 

Let us now consider each of these steps in more detail. 

^^In the previous sections about the embedding tensor formahsm, we distinguished between the gauge 
algebra in the presence and in the absence of an action. To introduce the BV formaUsm we start with a 
system determined by an action Sq. Once we have introduced the formahsm it is easy to consider the case 
where there is no gauge-invariant classical action. 
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Ghosts. Suppose we are dealing with an irreducible theory with mo gauge invariances 
and corresponding parameters £°°. Then at the quantum level rriQ ghost fields C(o)"° are 
needed, i.e. one for each parameter. However, for our purposes it is useful to introduce 
these ghost fields already at the classical level. Hence, the complete set of classical fields is 

In a reducible theory the mo gauge invariances are not all independent; there exist zero 
modes for the gauge invariances. In principle these zero modes imply that we have introduced 
too many gauge parameters, but that can be necessary in order to preserve the covariance or 
locality of the theory. If there are mi first-level zero modes then one adds the ghost-for-ghost 
fields C(i)"i (ai = 1, ■ ■ ■ , mi) to the above set x". In general for an L-stage reducible theory, 
the set of fields x" (where n = 1, ■ ■ ■ , N) is 

X" = {0\ C(^sf' ; s = 0, ■ ■ ■ , L ; a, = 1, ■ ■ ■ , m,} . (4.2) 

The ghosts are defined as having opposite statistics to the corresponding gauge parameter, 
ghost for ghosts as having the same statistics as the gauge parameter, and so on, with the 
statistics alternating for higher level ghosts. We can write this as 

e[c(,)«»] = (s + l)mod 2, (4.3) 

where e[c(s)"=] denotes the parity of the (higher stage) ghost. Moreover, an additive conserved 
charge, called ghost number gh[x"], is assigned to each of these fields x". The classical fields 
have ghost number zero, whereas ordinary ghosts have ghost number one. Ghost for 
ghosts (first level ghosts), have ghost number two etc. 

gh[0^]=O, gh[c^,f^] = s + l. (4.4) 



Antifields. Next, one introduces an antifield x^ ('^ = ■ ' ' i ^) for each field x"- These 
antifields should be thought of as a mathematical tool to set up the formalism. The ghost 
number and statistics of Xn 

gh[x:] = -gh[x"]-l, (4.5) 
4x1] = (e[x1 + l)mod2, (4.6) 

such that x"' and have opposite statistics. In the future, we will denote the total set of 
fields and antifield^ with 2" = {x", Xn}- For each Field, we introduce an antifield number 
afn[z°'] which will become important later on. 

afnl.'l^l"-- (4.7) 

^ ^ 1 -gh[z^] : gh[z"] < . ^ ^ 



^^In order to refer to the fields and antifields simultaneously, we will use the terminology 'Fields', with a 
capital letter F. 
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The antibracket. On the space of Fields one introduces an odd symplectic structure, the 
antibracket ( . , . ) . It is defined by 



where the subscripts dr and di denote right and left differentiation respectively, and X and Y 
are arbitrary functionals of the Fields z"". In the case where X and Y are bosonic quantities, 
the antibracket has the following useful properties. It is similar to the Poisson bracket, 
but symmetric under the exchange of X and Y. It has odd statistics, i.e. e[(X, y)] = 1. 
Moreover, the bracket of two identical bosonic functionals X of the Fields is 

(X,X)=2|^^. (4.9) 
Finally we note that the definition in (14. 8 p can also be written as 



which is why we call the antibracket a symplectic structure. 



The extended action and boundary conditions. Let iS'[x,x*] be an arbitrary func- 
tional of the Fields with the dimension of an action, even parity e\S\ = 0, and zero ghost 
number gh[S'] = 0. This functional is called an extended action if it satisfies the following 
boundary conditions: 

(i) In the 'classical limit', S reduces to 5*0, 

S[x,X%,=o = Som, (4.11) 

i.e. when all the antifields are put to zero, the extended action reduces to the original 
action 5*0. This requirement means that S can be written as an expansion in the 
antifields, with the classical action 5*0 at zeroth order: 

S[x^ X*] = 'S'o + terms that are linear, quadratic,... in the antifields. (4-12) 

This can be made more precise if we order all the terms in S according to their antifield 
number: 

S = J2Sk = So + Si + S2 + --- , (4.13) 

k 

where afn{Si) = i. An expression for Si for the lowest orders of i will be given in due 
course. 
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(ii) The second boundary condition that should be satisfied is more technical. It is called 
the properness condition and it takes the following form: 



, dldrS 

rank- 



N, (4.14) 



where is the number of fields x" or antifields x* and S denotes the subspace of 
stationary points in the space of Fields, 



dz<^ 



0. (4.15) 



Condition f l4.14p tells us that the rank of the matrix g^ag^b is half its dimensions. 
Due to fl4.17p in the next paragraph, this is the maximum that can be achieved and 
it guarantees that all the symmetries in the theory have been taken care of via the 
introduction of ghosts, zero modes and their antifields. 

If we take into account the boundary conditions, the expansion in fl4.13p looks like 



5*0 








Si 

























+CiO)ao<P: (Vi2r'a.H2f' + • • • " ^f>^'^^odo6oC(0)'°C(o)'^°C(o)^") + . . . (4.16) 

Here we have written down the terms up to antifield number 3. The objects R, ^i), T, 
E, ^2), E, 1(2) and D should be thought of as generic functionals of the fields 0* (not of 
the ghosts and antifields!) with a particular index structure. The dots in S3 denote more 
tensors with different index structures, which we do not write explicitly here to clarify the 
discussion. Also note that each term in fl4.16p has ghost number zero and even parity, and 
that the classical limit 04.111) is satisfied. 

In the next paragraph, we will impose an extra equation on the extended action 5", which 
will lead to a particular form for the different tensors. 

The classical master equation and general solutions. The equation that we will 
impose is called the classical 'master equation' and it takes the form 

(5,5) = 0, (4.17) 



30 



where S is the extended action that we introduced in f l4.13p and that satisfies the boundary 
conditions (14. lip and fl4.14p . Using (14. 9p . the master equation can also be written as 

2MM = 0. (4.18) 

To see what this equation really means, we plug in the expansion (I4.13p into the left 
hand side of KIT} . We get 

(99 ~ / (9-R* ~ ~ ~ (99 ~ \ 

+2C(0)ao (^l)'^\i^2)-a. " ^X^r' a^j + ■ ■ (4-19) 

for the first few terms. To demand that this expression is zero (which is the content of 
the master equation), means that all the different terms in (I4.19P should vanish separately. 
We see that the vanishing of the first, second and third term is equivalent with equations 
(I3.36p . (I3.39P and (I3.55P respectively. So it is clear that the master equation is satisfied up 
to antifield number 1 when we identify T, E, Zf^^) and in (I4.16P with the ones in 
section 13.21 In ot^her words, the master equation demands that the R are exactly the gauge 
generators, the T are the structure constants, the are the first stage zero modes etc. 

This discussion can be continued to terms with higher antifield number. For example, 
the last line in (14.191) vanishes if also the 2^2) and \(2) tensors are identified with the ones 
in section 13.21 Eventually, due to the uniqueness of the solution S (see [171 dSl dSl [20] for a 
proof), we conclude that the dots in (14.190 lead to all the relations that determine the gauge 
structure. For example, at higher order we will also discover the higher order zero modes 

dslSD. 

To summarize, we have seen that the unique solution 5" of the master equation (14.171) . 
supplemented by the boundary conditions (14.111) and (I4.14p . is an expansion in the antifields 
that contains all the gauge structure tensors of the theory as its expansion coefficients. It 
is in this sense that all the details of the gauge structure of the theory are contained in 
one equation and that the BV-formalism provides a concise framework for the complicated 
properties of the gauge algebra. 

Before we apply this strong result to our example of the embedding tensor formalism, 
let us make a final remark about gauge theories without an action. In section [3] we have 
encountered an example of a consistent gauge algebra that closes on the fields, but without 
the existence of a Lagrangian description for these fields. Since our discussion on the BV 
formalism explicitly assumes the existence of a classical action 5*0, one might wonder whether 
the case without an action can also be incorporated. This turns out to be possible if one 
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parity 


ghost jj 


antifield jj 


fields (jf 








+ 








ghosts C{Q)"'° 










1 





C{1) 








+ 


2 






Table 2: Field content of the BV formahsm. 



makes the following modifications to the original formulation of the BV formalism. First, 
we set 5*0 = 0, so there is no zeroth order term in the extended action S. Due to the absence 
of 5*0 , the proof of the uniqueness of the solution for S breaks down0 As a consequence the 
terms with 0*0* in 5*2 are undetermined (as well as several other terms at higher order in the 
antifields). We can delete these terms, and we find a solution without any terms quadratic 
in antifields. In turn this leads to the vanishing of all terms in (14.191) that are proportional 
to the field equations. In other words, (5, S) reduces to 

+20*i?^„Z(i)'^%,C(i)'^^ + 2c^o)„^Z(i)'^%,Z(2)'^\,C(2)'^^ + . . . , (4.20) 

where we have also removed all the tildes in order to distinguish these tensors from the ones 
in the presence of an action. Again, if we impose the master equation, we encounter the 
relations fl3.13p . f l3.54p . fl3.75p etc. which determine all the properties of the gauge structure. 

4.2 Embedding tensor formalism and the BV formulation 

Let us now apply the results form the previous section to the embedding tensor formalism. 
The field content can easily be identified and is summarized in Table O Each of the fields 
in this table gets a corresponding antifield 0*, c^g^^^, etc. The ghost number, parity and 
antifield number of the antifields can be determined via (14. 5p . (14. 6 p and (14. 7p respectively. 

Then we construct the extended action and impose the master equation. From our 
considerations of the previous section, we know that S is given by the expansion in (I4.13p . 
However, the precise form of the Si depends on whether we consider the embedding tensor 
formalism in the absence or the presence of an action, i.e. in terms of the untilded or tilded 

^^The Koszul-Tate differential is no more acyclic. 
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tensors respectively. In the first case, the leading terms in the extended action are 



+ ... 

/ vM ^ \KL\ 

+C(o)m( y KLC{iY J 

+ ... 
+ ... 

We only wrote down the covariant terms and we recognize a certain systematics in this 
expression. At each level in the antifields, we encounter the same objects Y , and % 
between the brackets, but multiplied by different ghost fields. This is due to the particular 
form of the gauge transformations and (higher order) zero modes. Also for higher levels in 
the antifields, we expect that this structure survives. The dots in f l4.2ip denote extra terms 
that contain non-covariant objects and higher orders in the antifields. 

The same calculation can be done for the embedding tensor formalism in the presence 
of an action. Then the extended action S contains extra terms, starting with the classical 
action 5*0 (see I2.22p at zeroth order. Also other new terms are present at higher orders in the 
antifields, as can be seen from fl4.16p . Since we identified the expansion coefficients (i2, T, 
E, etc.) in (14.161) with the gauge structure tensors in section [3l the latter can be substituted 
into the expressions for in (14.160 . We will not do this again, since the final result looks 
very similar to (14.2 ip . 

All in all, we have shown that the BV formalism provides a very appropriate description 
for the complicated gauge structure of the embedding tensor formalism. It suffices to consider 
the extended action S and assume the master equation (5", 5") = 0, in order to have a full 
handle on the gauge structure of the theory. To finish this section, we will further illustrate 
this by means of an example. We will consider the terms in the master equation that are 
proportional to c^o)ao'^(o)^"'^(o)'^"'^(o)'^°) show that they give rise to the modified Jacobi 
identity. We start from 

dcj)' d(t>* dqofo dcl^-^ao dci^^f^ dc^^^a, 

(c)T°-o , _ _ _ _ _ \ 
^ OQao rti j_ rpao rpCQ , 57 OQ fpai \ ha do eo 
«eo+-t boco-L doeo + -^1) ai -T eodobo j C{0) C(o) C(o) 

+ ... 
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Note that in the absence of a classical action 5*0 in the embedding tensor formalism, the 
expression fl4.22p is completely analogous, except that tilded tensors should be replaced by 
untilded ones. 

If the master equation is satisfied, the terms that are proportional to C(Q-)^gC(o)^''C(o)'^°C(o)^° 
should vanish, i.e. 



clo)ao I ^^^^^R\o + T'^^ocoT^^oeo + ^ira^F'^^odobo ] C(0)'"C(o)'^°C(o)^" = . (4.23) 

This imposes several relations between the gauge generators R, structure functions T, zero 
modes .^i) and tensors F. Let us calculate the easiest contribution, i.e. for the indices 
ao, bo, do, Co G {K, L, M, . . .}, and plug in the expressions for the structure functions and 
zero modes, 

clo)K {^-^^^R'n + X[lp]^^[m;v]^ + Y^pqF^^'^^j.ml^ C(o)^C(o)*^C(o)^ = . (4.24) 

The first term between the brackets vanishes because the Xlm^ do not depend on the 0*. 
The second term is antisymmetric in [MNL] since it is multiplied by the anticommuting 
ghost fields, and therefore it is equal to the left hand side of the modified Jacobi identity 
(12.91) . Finally, the third term in fl4.24p can accommodate the right hand side of the modified 
Jacobi identity, since it is proportional to pq. If we set 

Ff^«JA.MLC(o)^C(o)*^C(o)^ = ^5;vf^^ML«Jc(o)"c(o)*^C(o)^ , (4.25) 

we have shown that at antifield number 2 in the master equation, the modified Jacobi identity 
appears. This is clearly a consequence of the presence of the non-vanishing zero modes, that 
allow for an extra term that is proportional to pq. Likewise, several other relations can 
be found that are a consequence of the existence of the zero modes. Another example is the 
relation ps^pm'^ = that appears if one collects the terms proportional to 0*C(o)"°C(o)''° 
in the master equation. 

In the end, starting from the extended action and imposing the master equation, we are 
able to reproduce all the important relations that characterize the gauge structure of the 
embedding tensor formalism, and that were found before in the literature (e.g. in [8l [9| [TO]). 



5 Conclusions 

This article extends previous work that has been done on the D = 4 embedding tensor 
formalism. It emphasizes the complicated form of the gauge algebra that was previously 
discussed in [HI [10], and tries to suggest a more concise description of the formalism via BV 
theory. 

We started by calculating the full gauge algebra on the 1- and 2-form gauge fields. As 
these fields suffice to write down a gauge invariant action in 4 dimensions [S] , no higher order 
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form fields were considered. We argued that the algebra in the absence of any dynamics for 
the fields explicitly differs from the algebra in the presence of a gauge invariant action. In 
the latter case we showed that the algebra is open, i.e. only closes on-shell, whereas in 
the first case the algebra turned out to be closed. In both cases the algebra is soft since 
the 'structure constants' are functions of the fields. We also calculated the zero modes 
of the gauge transformations and proved that in both cases the algebra is higher-stage 
reducible. In principle we could conclude that the embedding tensor formalism is even infinite 
stage reducible because the level at which the zero modes become independent cannot be 
determined. But as the discussion was very generic, we suggest that a case-by-case study of 
particular examples can bring more insight into this. 

After having determined the relevant gauge structure tensors (generators, structure con- 
stants, zero modes, etc.) we used these tensors to construct a BV action. In this way all 
the features of the complicated gauge structure are captured by the BV framework and we 
conclude that this framework can be a convenient tool to further investigate the embedding 
tensor formalism. 

An alternative approach would be to use the BV method of constructing stepwise an 
extended action, starting from a classical action. If we impose the (S, S) = condition on 
the extended action, each term in the expansion must vanish separately and this gives rise 
to the known gauge structure relations (commutation relations, zero mode relations, Jacobi 
identities, etc.). Then the properties of the gauge structure tensors that we mentioned in 
earlier chapters follow from these relations. 

It would be interesting to extend our results to generic dimensions (especially in the cases 
where an action is known) and to study the gauge structure of the full tensor hierarchy, 
i.e. including higher order p-form fields. Also the reducibility of the theory remains an 
open question. As we said above, our discussion so far was very generic. Studying specific 
examples for which an explicit form of the projectors P is chosen can help us to get a better 
understanding of the level L at which all zero modes become independent. Another way to 
study the reducibility of the theory is to do a dimensional analysis of the degrees of freedom 
of the theory. The total number of degrees of freedom of the theory depends strongly on 
the number of (higher stage) zero modes. By calculating this number explicitly, we can 
determine the level of reducibility L. This calculation might even be possible for generic 
models and arbitrary spacetime dimensions D. 

Another subject to look at in the future is the quantization of generic gauge theories. In 
this article we exploited the fact that the BV formalism provides a compact notation for the 
gauge structure of classical theories. On the other hand, the BV formalism was originally 
designed as a method for the quantization of field theories. So, due to our reformulation of 
the embedding tensor formalism in terms of the BV formalism, we have now all the tools 
available for the quantization of generic gauged supergravities. In practice however, this 
might still be very hard to do. 
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A Useful relations 



A.l Covariant and contravariant tensors 

We call an object T*^ contravariant if it transforms as follows under the gauge group 

6{A) = A^^kT*^ = -A'^Xkn^'t''. (A.l) 

As an example, can be thought of as the modified field strength T-L^u'^ , for which the 
transformation is given in (12.191) . 

We call an object Tm covariant if its gauge transformations are 

6{A) Tm = A^'SkTm = A'^Xkm^'Tn. (A.2) 

These transformations can be trivially generalized to objects with an arbitrary number of 
upper and lower vector indices. 

However, in section [2?T] we encountered the special case where tensors T^^ are multiplied 
by y*^_R5. Generically, the latter does not map onto the full symmetric tensor product 
{RS). To make this more precise, we introduced a projector (12.171) which defines a restricted 
representation denoted by the brackets [. . . J in (I2.2ip . Then T^^^i and T^rsi are objects 
that transform as follows under the restricted representation 

5(A)Tf«^J = -A^XxfiMj^'^^'^Tf^'^J , (A.3) 
S{A)T^nsi = A'^Xkirsi^^^'^^lmi. (A.4) 

This defines a new tensor Xk\lm\^^^^- Since the gauge transformation of T^^^i can also be 
written as 

S^t!b.si ^ pRS^^^ {-Xkl^'T^'^''^ - X^L^Tf*^^J) , (A.5) 

we conclude that 

XKiLMf""'^ = 2X^^J^53j . (A.6) 
With this tensor we can build a new tensor Y'^^'^ p\rs\'- 

Y^'^^nsi = 2Sp\^^Y^ins - Xp^nsi^'^^i, (A.7) 

for which Y^ mnY^'^ p^rsi = (we will prove this in IA.2p . Note that the definition flA.7p is 
consistent with the one in (I3.20p . Generically, the tensor Y^^'^ p^ps] does not map onto the 
full tensor product -P[-R5'J but only on a restricted subrepresentation. Again, we can define 
a projectoio ^^^^^^^p\rs\ such that it leaves the y-tensor invariant: 

Y^'^P^nsi = l^^^i.r^MjP^f^*^Jpri^sj . (A.8) 



i^In this text we only use the properties P^^^^'^^ p\irs]\ = and V^^^^^^p[rs\ I(p_R5)= 0. Again 
pK[LA/j^|.^^j ^g^^ taken of lower rank in particular applications where the constraints are satisfied, similar 
to footnote [21 
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With this new projector, we construct objects that transform in the restricted representation: 

And analogous to (lA.Sp . we introduce a tensor Xp^Q^jis\\^^^^^^^^ that is defined via this gauge 
transformation: 

s^T^msii ^ _^^^^^^^^^^iPiRs\\j.iL\MNn_ ^A.io) 

This Xk\limn\\^^^^'^^^ appears again in a new "K-tensor 

for which Y^^ p^Rsiy^^^^^K\L\MN\\ = (we will prove this in thelQ. 

Then we see that there exists a whole hierarchy of such tensors that are mutually orthog- 
onal. A generic "K-tensor is defined as 

T^Mi\M2\...Aip\..l r \AhvM2\...Mpl..l y lMilM2\...Mp\..l 

(A.12) 

for p > 3 and XjVofATif at^j jf^^ir*^2r---A/pJ..J (determines the gauge transformation of a covariant 
object T^mM2\...Mp\..\. 

^^^jiM4M2l..Mp\..\ ^ yM,rM4...Af,J..Jyr7V,r...^,J..J_ ^A.13) 

In the remaining part of this appendix, we will prove some useful relations for the y-tensors 
that are used throughout the text. 

A. 2 Orthogonality of the y-tensors 

We will prove that 

Y''rsY''^k[lm\ = (A.14) 

and 

Y'''^PlRSiY''^'''^K\UMNii = . (A.15) 
Knowing this, it is then easy to show (by induction) that 

YK2lK,l..KpU^^^^^^^^^^^^^^^^ = 0, (A.16) 

for p > 3. 

The closure constraint (12. 6p tells us that the embedding tensor is gauge invariant and 
thus SyY'^^Rs = 0. From (]A.3|) we know that 



= SkY"" 



Kl LM 



-Xkr^Y^lm + Xk\lm^^^^Y^ Rs 

-TY^'krY'^lm + XK^j^ui^'^'^Y'' Rs , (A.17) 
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where we used (12.81) in the third equahty. Now we can write 

J- RSJ^ K\LMl — ^1 KR^ LM — ^K\LM\ ^ RS 

= 0, (A.18) 

due to (1A.7P in the first equahty and (1A.17P in the second. This proves equation (lA.14p . A 
similar computation can be done in order to show ( lA.lSI) . From the closure constraint we 
conclude that (using flA.lOp ) 



A vVW 

Ok J- L\MN\ 

^ L\MN\ - Xk\L\MN\^^^^^^^Y^^ R\ST\- (A. 19) 



If we combine this expression with flA.7l) and flA.141) it is easy to see that flA.lSP is satisfied 



Now we will prove the orthogonality ( ]A.16[) for general Y-tensors by induction. We start 
from the observation that the y-tensor with p—1 upper indices and p lower indices is gauge 
invariant: 

XN.,N.l..N,ir'''''^---^^^^^^^ (A.20) 
This relation allows us to rewrite the lefthandside of equation ( IA.16P as 



If we now replace the X-tensor on the second line by Y tensors via their definition ( ]A.12p 



then this relation reduces to ( IA.16P for p — 2 upper and p—1 lower indices. By induction, 



this orthogonality relation is satisfied and we have proven ( ]A.16p . 



A. 3 Covariant derivatives 

It is useful to introduce derivative operators D/^^^^'^^---^p^--^Mi\M2\...Mj,\..\ that describe the 

action of a covariant derivative on objects in different representations of the 
gauge group. For p = 1 we define 

D,\,T'^ ^ {5m'' d, + ^,«Xqm^) T'' = D,T^. (A.22) 

We extend this definition for generic p as follows 

^fi ' ' 'AhlM2l..Mp\..\ = hhlM2l..Mpl.\ + Xqim^\M2\...MpI..( 

(A.23) 

The following relation is being used in the text 

D^'^MY'^ns = Y%lD,''\s- (A.24) 
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It is not difficult to prove this: 

= D/mY''rs, (A.25) 

where in the second equahty we used the definition of the projector P^^i?,5 and the gauge 
mvariance of the Y^Rs tensor (IATtD . Finally, ([Oil) can be generalized to 

y'''^'''^--^^^^^^^^^ (A.26) 
which is easy to proof if one uses the gauge invariance of the F-tensors (1A.20I) . 
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